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1 Exercicios Introdutoérios

Exercicio 1. Calcule os limites a seguir.
L Vx—1 ¢) lm «xtgx
a) i!rr% o ) x—37/2" 8
x—9 secx
b) lim d i T
) x—=9/x—3 ) x—>1n/2+ /2 —x

Exercicio 2. Calcule os limites trigonométricos a seguir.
Considere k, «, B constantes.

. .
a) lim 2% o) lim 204
x—0 X x—=0 Bx

i . sinx
b) lim SnKX d) lim
=0 X x—0 tgx

2 Exercicios de Fixacao

Exercicio 3. Calcule os limites trigonométricos a seguir.

. sin4x 1—
a) lim 0 d) lim L0 (¥/3)
x—0 7x x—0 X
2 1—
b) lim 20 (f/ 3) e) lim — %
x—0 X x—0 XsInx
o) lim tgx +sinx f) lim sinx — sina
x—0 X x—a X—a

3 Exercicios de Aprofundamento e de
Exames

Exercicio 4. Calcule o limite lateral

sinx — cos x

lim
x—7/2” 1-— tg X
Exercicio 5. Calcule o limite
. 1—cos®x
lim ——
x—=0  sin“x
Exercicio 6. Calcule
Ccos 2x
m —.
x—7mw/4 COSX —SINX
Exercicio 7. Calcule
sin(a+x) —sin (a — x
i S0 (2 + %) (a—x)
x—0 X
Exercicio 8. Calcule os limites

a) lim
x—1

cos (1tx/2)

1—x

b)

x—7/3

1—2cosx

7T — 3x
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Respostas e Solugdes.

1. a)
VES1 (VRS D(EH)
lim =17 = I (x—=1)(vx+1)
— i x—1 _q 1
TN o Drrl) e rrl
1 1
e
b)

lim x -9 = lim (x=9)(yx +3)
=94/x—3  x-9(y/x—3)(v/x+3)

o (= 9)(VE+3)
x—9 x—9

=lm+x+3=vV9+3=6.
x—9

c)Umavezque Ilim x=3m/2e lim tgx = 4oo,
x—37m/27 x—37m/27

lim  x.tgx = +oo.
x—3m/2~

d)
x—m/2t T/2—X  xSm/2t cosx(7/2 — x)

Quando x — /2", cosx -0~ e 7/2 —x — 07, entdo

cosx(rt/2—x) = 07.

Assim,
. 1
Iim —— = 4oco0.
x—m/2+ cosx(m/2 — x)
2. a)
. tex . sinx 1 . sinx 1
lim Br_ lim — = lim
x—=0 X x—0 COSX X x—=0 X COSX
. sinx .
= lim .lim =11=1.
x—0 X x—0CoSX
b)
. sinkx sin kx . sinkx
lim = limk = klim =kl=k
x—0 X x—0 kx x—0 kx
c)
sin ax . asinax Px « . sinax PBx
im — = lim - ————— = — lim .
x—»0sinfx  x—0pB ax sinfx  PBxr—0 ax sinpPx
a . sinax . b o o
= — lim .lim ’B =—-.11=—.
Bx—0 ax x—0sinfx P B
d)
sin x . sinx

lim = lim — = limcosx = 1.
x—0 tgx x—0 SInX x—0
CcCOosXx

sin4x . sin4x . sindx
= lim4 im
x—0 4x

x—0 7x x—0 7.4x

_4
—7

=-1=-.
7077

b)
2
i S0 (x/3)

.2
90 i S (x/3)
xX—

x—0 9(9(/3)2
1 im sin? (x/3)
o 9 x>0 (x/3)2

1/, sin(x/3) 2
W(ifb (x/3) )

. tgx—+sinx . tex . sinx
lim BATSNY lim Br + lim
x—0 X x—0 X x—0 X

sin x

m
x—0 X COS X

. sinx . 1
= lim .lim
x—0 X x—0 COS X

=114+1=2

+1

d)
. 1—cos(x/3) .. (1—cos(x/3))(1+ cos(x/3))
;lclg(l) x N chlgb x(1+ cos(x/3))

_ 1 —cos? (x/3)

= x50 x(1+ cos(x/3))

Y sin?(x/3)
= x50 x(1+ cos(x/3))
i sin?(x/3) x/9
x>0 x2/9 14 cos(x/3)
i <sin(x/3)>2 x/9
x50 x/3 1+ cos(x/3)

0

=1%—— =0.
110

. 1—cosx .. (1—cosx)(1+ cosx)
lim —— =1 ,
x—=0 xsinx x—0 xsinx(1+ cosx)
2

. 1 — cos
im —
x—0 xsinx(1 + cos x)
. sin? x
im —
x—0 xsinx(1 4 cos x)
. sin x
= hm —_———
x—0 x(1 + cos x)
. sinx 1
= hm —_—
x—»0 x 1-+cosx
1 1

BRI
f) Relembre a identidade

sinx —sina = 2sin r—a Ccos xta
o 2 2 ’

X
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sinx — sina

lim = lim
x—a X —a x—a X —a
. sin(%5%) x4a
= lim cos
x—a x—a 2

4. Note que Ilim sinx —cosx = 1 -0 = 1, enquanto
x—7w/2”
. . sin x n
lim tgx= lim = +00, uma vez que cosx — 07,
x—7w/2” x—mw/2- COSX

quando x — 71/27. Assim,

. sinx — cos x
Iim — =
1—-tgx

xX—7/2”
5. Como1—a®=(1—a)(14+a+ad?),

— 3 _ 2
lim 1—cos’x _ lim (1 —cosx)(1+ cosx + cos”x)

x—0 sin2 X x—0 Sirl2 X

~lim (14 cosx)(1 — cosx)(1 + cos x + cos? x)
x—0 (1 + cos x) sin® x

~ lim (1 —cos?x)(1 + cos x + cos® x)
x—0 (1 + cos x) sin® x

sin? x(1 4 cos x + cos? x)

x—0 (1 + cos x) sin® x

. 14+ cosx+cos?x
= lim

x—0 1+ cosx
C1+141% 3

1+1 2

2 x — sin?(x)

cos(2x) .. cos
CcOos X —sinx

lim _ = lim
x—mw/4 COSX — SN X x—/4

= lim cosx + sinx = cos(7t/4) + sin(7t/4)
x—7/4

:§+¥:ﬁ.

lim sin (a4 x) —sin (a — x)
x—0 X

2sin (Hx);(a_x)

cos 0 Ha=x)

= Iim
x—0 X

2sin (x) cos (a)

= lim
x—0 X

sin (x)
x

= 2cos(a) lin%
xX—

= 2cos(a).

8. a) Quando x — 1, a varidvel u = 1 — x — 0 entéo,
fazendo uma mudanca de variaveis,

lim 08 (rtx/2) i <8 (r(1—u)/2)
=1 1—x 1u—0 u
~ lim cos (/2 — 7Tu/2)'
u—0 u

Como

cos (/2 — mu/2) = cos(7/2) cos(mu/2)
+ sin(7r/2) sin(7tu/2),

cos(t/2) =0 e sin(t/2) =1, entdo

. cos (/2 —mu/2) . sin(mu/2) . 7rsin (rtu/2)

lim =lim —————— =lim ——————=

u—0 u u—0 u u—02  mu/2
.. sin(mu/2) w T
20N w2 2172

b) Quando x — /3, a varidvel u = 77 — 3x — 0 entdo,
fazendo uma mudanga de variaveis,

1—2cosx ., 1—2cos(m/3—u/3)
= lim .

T —3x u—0 u

m
x—7/3

Como
cos (1t/3 —u/3) = cos(m/3) cos(u/3) + sin(7t/3) sin(u/3),
cos(7/3) = 1/2 e sin(71/3) = V/3/2, entdo

lim 1—2cos (/3 —u/3) " im 1 — cos (u/3) — v/3sin(u/3)

u—0 u u—0 u

. 1—cos(u/3) . +/3sin(u/3)
=lim —————~ — lim ———~
u—0 u u—0 u

7

caso os dois limites existam e a diferenca entre eles ndo seja
uma indeterminacdo.

Vimos na questdo 3d que o primeiro limite vale zero.
Procedendo como na questdo 2b, o segundo limite vale
V/3.1/3 = \/3/3. Assim, os dois limites existem e a solucdo
60—V3/3=—-V3/3.
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